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Stromberg, page 49.

(2) £(0) = F(0+0) = f(0) + f(0) = F(0) =0 =0- f(1).
f2)=F1+1)= f(1) + f(1) = 2£(2).

f@) = f2+1) = £(2) + £(1) = 2/(1) + f(1) = 3f(1).

Continuing, by induction, f(n) =nf(1)Vn € NU{0}.ForneN,0=
f(0) = f(-n+n) = f(=n) + f(n), and s0 f(~n) = = f(n) = —nf(1).
Therefore, f(n) =nf(1) Vn € Z.

(b) First note that by induction, for n > 2, f(z;+--- +Zn) = f(z1) +

co+ + f(zn). Let %’ € Q with p € Z and g € N. Then

10 55001 (o(3)) =1 (++) - 2).

and sof(g) =§f(l) Vg Q.
(¢) For zg in R, f is continuous at zy < zl_i_{g) f(z) = f(=zo)
< lim (f(z) — f(z0)) =0 @zlixgo flz—x0) =0

[F@) = £((@—20) +20) = F(z — 20) + F(a0)]

& h_rPo f(y) =0 [let y = z — 2] & f is continuous at 0. Thus, f is
y

continuous at a point ¢ € R < f is continuous at 0 < f is continuous

on R.

(d) Let z € R\ Q and let (2,)nen be 2 sequence in Q with z,, — z.

Since f is continuous at z,

- f(@) = Im_f(z) 0f)nl_i_pgaa:nf(l) =zf(1).

=—0C

4.4 Consequences of Continuity

1. f(z) = % on (0,1) works for both (2) and (b).

2. Any constant function or f(z) = 3:2%{- T maps (=1,1) onto (3,1].

3. By Proposition 4.8 and the Completeness Axiom, f = sup{f(z):z €
[a,b]} € R. We want to find an M in [a,b] such that f(M) = 8. By
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Proposition 2.5,V n € N 3z, € [a,b] such that B -=< flzn) < B.By

Theorems 3.10 and 3.3, 3 a subsequence (Tn, )3z Of (ZTn)nen and an
M € [a, b} such that Zn, - M. Since f is continuous at M, f(Zn,) 2

F(M); and since B --71; < f(za) < BY n €N, flzn,) > B. By the
uniqueness of limits, f(M) = B.

. £(0) > 0,f(1) < 0,7(2) > 0. By the Intermediate Value Theorem

(IVT) or Corollary 4.2, f has a root between 0 and 1 and a root
between 1 and 2.

. Let f(z) = ar2™ +--- + a1z +ag whefe n is odd, the a;’s € R, and

an # 0.
Case 1: a, > 0. By Example 415, f(z) — c0 as g — and

f(z) = —o0 as z — —oo. Thus, Ja <0< b with f(a) < 0 < f(b)- By
the IVT 3 ¢ € (a,b) with f(c) =0.

Case 2: a, < 0. By Example 4.15, f(z) — —co as z — oo and
f(z) = o0 as z — —c0. Thus, 3 a < 0 < b with f(a) >0 > f(b). By
the IVT 3 ¢ € (a,b) with f(c)=0.

1

. Let f(z) = apz™ + -+ @T+ a0 where n is even and the ¢;’s € R.

If n = 0, then f(z) = ap has an absolute maximum and an absolute
minimum at every point of R. Let n > 2 with an #0.

Case 1: a, > 0. Since f(z) — co as £ — oo by Example 4.15,3a >0
with & in the range of f. So 3a < 0 < bwith f(z) > a Vz € R\ [a,d].
By Theorem 4.2, f has an absolute minimum on [a, ] and this is the
absolute minimum of f on R. (If m € [a,b] with f(m) the absolute
minimum of f on [a,b], then f(m) < a.)

Case 2: a, < 0. Since f(z) — —o0 as T — £oo by Example 4.15,
38 < 0 with @ in the range of f. Soda<0<bwith f(z) < B
vz € R\ [a,}]. By Theorem 4.2, f has an absolute maximum on [a, b]
and this is the absolute maximum of f on R.

. Suppose f : (a,b) — Z is nonconstant. Then 3 n; and ng € Z, n1 # na,

with both n; and ng in the range of f. We may assume n; < ng. Since
f is continuous on (a, b), by the IVT, the interval [n1,n9] is contained
in the range of f, a contradiction to f being integer valued. Therefore,

f is a constant function.



48

8.

10.

4.5

F) = (1) ~ £(0) = ~g(0). I g(0) = 0, then £(0) = f (—2-) I

CHAPTER 4. CONTINUITY

Define g : [ %J — R by g(z) = f(z) — f(z+-§> . Then g is con-

0,
: 1 _ 1 1\ _ /1) _
tinuous on [0,5] » 9(0) = £(0) - § (2) , and g(2) = f(g)
1
2
9(0) # 0, the IVT implies that 3 ¢ ¢ (0, %) such that g(c) = 0.

Hence, f(c) = f <c+ %) .

Let f(z) =z —cosz for z in [0, -275] - Then f is continuous on [O, g] ,
: =TI ) wi =
fO)=~-1,and £ (7) = 2. By the IVT, 3 c € (0.2) with £(c) =o0.

Hence, ¢ = cosec.

At this point the question about z = sin z is meant to give the students
something to think about. Ask your students to graph y = z and
y = sinz (which intersect only at z = 0) on the same axes. That
sinz < zV z > 0is Example 5.3 and that sinz > zVz<0is
Exercise 5.2.10 in the next chapter. The first part is a Calculus I type

argument using facts about the derivative,

. l v
Let f(z) = (s)mx g 2f3 Then f is discontinuous at 0 by
Example 4.6, but f satisfies the intermediate value property. (If ~1 <
a < 1, choose ¢ > 0 such that sint = a. Letting z = T sin% = a.)

- 3 < P
More simply, g(z) = { :':_-_F; iff ;;g also serves as an example.

Uniform Continuity

Let & =1 and let § > 0. To show that f is not uniformly continuous on
R, we need to find r and y in R with |z —y| < 6 but | f(z) — f)>1.

First 1etx>0andy=x+§. Then lx—yt=§ < 6 and

If@) = f)l = [o® —¢?
= |z —yl|® +zy+4?

61 5 é §\?
= —2‘[3: +2:(I+§)+($+§)J
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§
5(3.’122).
Now we fix z. Let z = \/—g Then |f(z) — fl¥)] = 3 (3(52)) =3>1

. Let z, =2 + Vn € N. Then (Zn)nen is 2 Cauchy sequence in (2,00)
but (f (:vn))neN is not Cauchy. By Theorem 4.5, f is ‘not uniformly
continuous on (2, o).

+ nw
neN
(=1)™ )neN , is not Cauchy Hence, Theorem 4.5 = f is not uniformly

continuous on 0 = | . This also follows from Theorem 4.7 since s1n%
cannot be continuously extended to 0 by Example 4.6.

. (,ﬂ. 1 ) is a Cauchy sequence in (O, -721] but its image under f,

. Case 1: m = 0. So f(z) = b. Let € > 0, and let § > O be arbitrary.
For r and y in R with [z —y] < §, |f(z) - f(y)| =0 <e.
Case 2: m#O.Lets>Oa.nd1et6='—:-ﬂ-.Forzandyin]Rwith

lz—y| <6,
If(z) = @) = |mz+b—(my+0b)|
= |m||lz -yl
< |m|é
£

By Definition 4.6, f is uniformly continuous on R.
. To show f(z) = ;1- is uniformly continuous on [1,c0), let ¢ > 0 and

1et6=§. For z and ¥ in [1,00) with [z —y| < §,-

|« = 47|
222

1 1
2 ;2-
lz—yl(z+y)

= vl {5+ =
B Yz Ty

|f(z) - )l =
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S kF-9l(l+1)  (@’>1landaz%y>1)
= 2]z-y|<2W=c.

To show f(z) = z_.lz' is not uniformly continuous on (0,1], note that

< i) is a Cauchy sequence in (0, 1] but ( f (l)) = (n?), _yis
"/ nen "/} /nen
not Cauchy. By Theorem 4.5, f is not uniformly continuous on (0, 1].

- Let £ > 0. Since f is uniformly continuous on [a,8], 3 67 > 0 such

that z,y € [a,b] with lz-y| < 6 = [f(z) - f)| < <. Since f
is uniformly continuous on D, 3562 > 0 such that z,y ‘€ D with
lz—y| < 8 = [f(2) = f(¥)] < =. Let § = min{é1,82}. Let z,y €

[e,b] U D with |z -y <6 Ifbothz,y [a,8] or both z,y € D, then

|f(z) - f()] < &/2. Suppose z € [a,8] and y € D. Since z <b<y,
b-z<bdandy-b<s$. Therefore, .

7o) = F@I < 17@) = SO +176) - S}l < S+ S =

- Let £ > 0 and let § = 2. For z,y € [1, co) with Iz -yl <,

If@) =@l = Ve~ - j_jz\\/fg
Iz - 3]
VZ+ /g
< -;'Iz-yl (since\/a?+\/§_>_1+l=2)
< §=E.

Therefore, f is uniformly continuous on [1,00). By Theorem 44, fis
uniformly continuous on [0,1]. By Exercise 8, f is uniformly continu-
ous on [0, 00). [An e—§ argument to show that f(z) = /7 is uniformly
continuous on [0, 1] is given at the end of Chapter 8 in this manual.]

- Suppose f is not bounded on D. ThenVn e N, 3z, € D with

[f(z)] > m. Since D is bounded, by Theorem 3.10 the sequence

(Zn)nen has a convergent and hence Cauchy subsequence (T ) e -

Since |f(zn )| >me > kVEk e N, (f(2n))5e; is unbounded and hence
not Cauchy. By Theorem 4.5, fis not uniformly continuous on D.
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Let £ > 0. Since f is uniformly continuous on D 3 8; > 0 such that
z,y € D with |z —y| < 81 = |f(z) — f(¥)] < 5 Since g is uniformly
continuous on D, 3 2 > 0 such that z,y € D with |z —y| < 62 =
lg(z) — g(v)| < -;- Let 6§ = min{é;,62}. For z,y € D with [z ~y| <4,

= |f(z) +9(z) - (F{) + 9@
< |f@) - f@)l+l9(z) — 9()]
<

E £
-2-+§' =g.

I(f +g)z) —(f +9)@)

Therefore, f + g is uniformly continuous on D.
By Exercise 4, f(z) = z is uniformly continuous on R. Let g = f. Then
f - g(x) = z* is not uniformly continuous on R by Example 4.19.

‘We have that f is umformly continuous on (a,b). To show that we can
continuously extend f to b, by the Remark following Example 4.14,
it suffices to show that hm f(a:) is a real number. Let (Za),cn be

a sequence in (a,b) w1th :1:,z — b. By Theorem 4.5, (f(Zn))pen is 2
Cacuhy sequence and so 3 L € R such that f(z,) — L. We claim that
hm f(:z:) = L. Let (yn)nen be 2 sequence in (a,d) with y, — b. As
above, 3 L; € R such that f(z,) — L;. By Proposition 4.6, we must

show that L = Lj.

Consider the sequence (2n),eny = (21,%1,%2,92,%3,¥3,-- .) in (a,b).
Since z, — b by Exercise 3.3.4, 3 M € R such that f(2,) — M. Since
(F(@n))nen 2nd (f(¥n))nen are subsequences of (f(zn))nen » f(2n) —
M and f(yn) — M. By the uniqueness of limits, L = M = L.

Let f(z) = —1 g z:j—— Since hr‘%f(a:) does not exist, f

cannot be continuously extended to R. However, f is continuous on
R\ {v2}, and so f is continuous on the subset Q.

To show g is well-defined, in the notation of the hint, note that Theo-
rem 4.5 = (f(zn))nen is Cauchy and so (f(zn))nen converges to some
a € R. Similarly, (f(yn))nen converges to some § € R. We must show

that o = S.
Let £ > 0. Since f is uniformly continuous on Q, 3 6 > 0 such that

p,g € Q with [p—g| < § = |f(p) - f(g)| < . Since z, — z and

§
yn—»x,Bnl,ngeNsuchthatn2n1=>[a:n—:c|<-2-andn2n2=>
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I — 2| < g Son> max{n;,no} = |z, ~Yn| < |Tp — 2|+ |z - Ynl <
4. Therefore, n > max{ni,ny} = | f(@n) — flyn)] < g Since f(z,) —

a and f(y,) — B, Ing,ny € N such that n > ng = [f(Zn) —a] < §

andn >ny = [flyn) - B < g Fix an n > max{nl,ng,ng,n4}. Then

le=Bl < la— flza)] +|f(zn) Fn)l + 1 £(ya) — B
g g

&

Sincee > Qis arbitrary, o = 8. Therefore, g is well-defined, and clearly

gle = f. »
To show: g is uniformly continuous on R. Let € > 0. Since fis

uniformly continuous on Qand g = f on Q 36 > 05such that
P,q € Q with |p—g| < &; = |g(p) ~9(g) < <. Let 6 = -31 and let
Z,y € R with |z —y| < 4. Let (Tr)nen and (y,),cn be sequences in
Q with z, — z and Yn — y. Choose n; € N such that n2n =
[Zr — 2| < 6 and [Yn —y| < . Then n 2N = [Th —yy,| < [T — ] +
[T~y + |y —ya] < 36 = 61. By definition of ¢ and since dlo = f,
9(zn) — 9(z) and g(y,) — g(y). Hence, 3 75,73 € N such that n >
€ £ .
n2 = |9(zn) - 9(z)| < 3 2d 7 2 ng = |g(y) — o(y)] < 3- Fix an

n> max{nl,ng,ng}. Then

lo(z) - g(y)| < lf(m)s— g(gmn)l +19(zn) - 9(yn)| + lo(3) - )|

< §+-3-+§=E,

and 50 g is uniformly continuous on R. .
To show: g is unique. (g is unique since two continuous functions

which agree on a dense set agree everywhere.) Suppose 4 is 2 contin-
uous extension of f to R. Then A — gonQ. Letz e R \ Q@ and let
(Zn)nen be a sequence in Q with Zn — z. Then '

h(z) = lim hlen) = lim o(z) = g(z).

4.6 Discontinuities and Monotone Functions

1. fhasa discontinuity of the first kind at each integer, and f is monotone
increasing. (Note that f(n+) =n and fln-)=n—-1vne Z.)
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f
21 —
11 —
4
2 -1 ] 1 2 3
]
-2

9. f has a discontinuity of the first kind at each integer, and f is not
monotone. (Note that f(n+) =0and f(n—)=1Vn €Z)

f
21

//
2 -1 0o 1

3. Let ¢ € R. Let (y) ey be 2 sequence in QN (—o0, ¢) with z, — ¢,
and let (yn),en De @ sequence in (R \ @) N (—c0,¢) with y» — c. Since
f(zn) — 1 and f(yn) — 0, f(c—) does not exist. Similarly, let (8n)en
be a sequence in QN (c, o) with s, — ¢, and let (¢,),en be a sequence
in (R \ Q)N(c,0) with ¢, — c. Since f(sp) — 1 and f (tn) = 0, f(c+)
does not exist.

4. From Exercise 4.2.3, f is discontinuous at every ¢ # 0. Let ¢ # 0, let
(Zn)nen e @ sequence in @\ {c} with z, — ¢, and let (Yn),cn be
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a sequence in (R\ Q) \ {c} with y, — c. Then F(Zn) = 2, — ¢ and
f(yn) — 0. Since c # 0, by restricting the above sequences to each side
of ¢, f(c~) and f(c+) do not exist. Therefore, f has a discontinuity

of the second kind at every ¢ #0.

- Let z < yin I. Then f is monotone increasing on I <« flx) <

) & ~f(z) > ~f@y) « - f is monotone decreasing on I. (This
observation will allow us to use the results in the text for monotone
increasing functions to obtain the corresponding results for monotone

decreasing functions.)

. Let f be monotone decreasing on I and let ¢ € J. By the previous

exercise, —f is monctone increasing on 1.
Case 1: ¢ an interior point of . From the proof of Theorem 4.8,

sup  (—f(z)) = —flc=) < ~F(c)
zelIn(—co,c)

(2)
< ~flet)=_inf )(—f(x))- '

- z€In(e,co

By Exercise 2.2.4 with b = —1, sup (~f(z))=— inf fl=z)

z€IN(—co,c) z€IN(~c0,c)
and inf (-f(z)) = - sup  f(x). Making these replacements
z€InN(e,00) z&lIn{c,c0)

in (2) and multiplying (2) by ~1, we obtain

el =IOV 2 102 5000~ o o)

Case 2: ¢ a right endpoint of I. From the proof of Theorem 4.8 and
Exercise 2.2.4,

A =tere== s (i@)= it )

z&€IN(~00,¢ z&IN(—co,

Case 3: cis a left endpoint of 7. As in Case 2,

flet)=—[-fle+)] =~  inf (=f(z))= sup  f(z).

z€lN(c,00) - 2€IN(c,c0)

. Let f be monotone decreasing on 7, and let ¢,d € I with ¢ < d. Since
—f is monotone increasing on I, from the proof of Lerama 4.3 we have
~f(e+) < ~f(d-). Multiplying by ~1 we cbtain f(c+) > f(d.).




4.6.

8.

10.

11.

DISCONTINUITIES AND MONOTONE FUNCTIONS 55

Let f be monotone decreasing on I. Since —f is monotone increasing
on I, the proof of Theorem 4.9 implies that the set of discontinuities

of —f is countable. Since f and —f have the same discontinuities, the
set of discontinuities of f is countable. ,

TT T T
Let f(z) =tanz on (—-2-,5) . Then f (—-5+) = -coand f (.é_...) ;_
+00. The difference between this and Theorem 4.8 is that 3 and -3

are not in the domain of f.

If f is discontinuous at ¢ € I, then no number strictly between f(c—)
and f(c+), except possibly f(c), can be in the range of f since f
is monotone. Therefore, f could not satisfy the intermediate value

property.
(a) Note that either f(z) = 0 or f(z) is a sum of positive terms.
~ Therefore, f(z) 20V z € R. Let £ < y. Since {n:z,<z}C
{n:z. <y}, fz) < Fy). '

(b) Fix k € N. Since f is monotone increasing on R,

f(@e=) = sup f(=) = sup ( > G—)n) = > (-;—)n

%k \{n:zn<z} {nimn<zi} N
and
flawt) = inf f(o)= jaf ( 2 (-1-)) -~ G)
k T z>zi - T>Z) 2 - 2 ‘
' {nizpo <z} {n:za<zi}

(For the last equality, if m € N is such that zx < Zm, then for
any z with zy < T < Tm, M is not included in the set of indicies

k
{n : z, < z}.) Therefore, f(zi+) — f(zx—) = (-;—) >0, and so
f is discontinuous at Zk.
(c) Let ¢ € R\ E. Replacing z; by c in part (b), we have

fle-) = {}:(} (—3—) = {mi;sc} (-;-) Y

Since f is monotone increasing, f(c—) = f(¢) = f(c+), and so f
is continuous at c. '



